
Week 03: Regression as the universal engine

General Linear Model revisited

Bartosz Maćkiewicz

1



Stress and mental health (wagner1988.csv)

Wagner, Compas, and Howell (1988) explored the relationship between

stress and mental health among first-year college students. They

developed a scale to assess the frequency, perceived significance, and

desirability of recent life events. This scale helped to create a measure of

negative events, weighted by their reported frequency and the respondents’

subjective assessment of each event’s impact. This metric served to

quantify the subjects’ perceived social and environmental stress.

Additionally, the students completed the Hopkins Symptom Checklist, which

evaluates the presence or absence of 57 psychological symptoms.
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Stress and mental health (wagner1988.csv)

wagner <- read.csv("wagner1988.csv")

library(ggplot2)

ggplot(data = wagner) +

aes(x = Stress, y = lnSymptoms) +

geom_point()
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The Regression Line

Recall from high school mathematics that the equation of a straight line is

expressed as 𝑌 = 𝑏𝑋 + 𝑎. For analytical purposes, we represent this

equation as:

̂𝑌 = 𝑏𝑋 + 𝑎

Where:

• ̂𝑌 = the predicted value of Y

• 𝑏 = the slope of the regression line (the amount of difference in ̂𝑌
associated with a one-unit difference in X)

• 𝑎 = the intercept (the value of ̂𝑌 when 𝑋 = 0)
• 𝑋 = the value of the predictor variable
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The Regression Line: best fitting line

Our objective is to determine the values of 𝑎 and 𝑏 that yield the

best-fitting linear function. This means we aim to align the regression line

—- represented by the values of ̂𝑌 for various 𝑋 values —- as closely as

possible with the actual observed values of 𝑌 .

The critical question then arises: How do we define “best-fitting”?
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The Regression Line: best fitting line

ggplot(data = wagner) +

aes(x = Stress, y = lnSymptoms) +

geom_point() +

geom_smooth(method = lm, se = F) # add regression line
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The Regression Line: errors of prediction

A logical way would be in terms of errors of prediction — that is, in terms of

the (𝑌 − ̂𝑌 ) deviations.

Because ̂𝑌 is the value of the symptom (lnSymptoms) variable that our

equation would predict for a given level of stress, and 𝑌 is a value that we

actually obtained, (𝑌 − ̂𝑌 ) is the error of prediction, usually called the

residual.

We want to find the line (the set of ̂𝑌 s) that minimizes such errors. We

cannot just minimize the sum of the errors, however, because for an infinite

variety of lines—any line that goes through the point (𝑋, 𝑌 ) - that sum

will always be zero. (We will overshoot some and undershoot others.)

Instead, we will look for that line that minimizes the sum of the squared

errors - that minimizes ∑(𝑌 − ̂𝑌 )2 .
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The Regression Line: errors of prediction

library(tigerstats)

#shiny::runApp(system.file("FindRegLine", package="tigerstats"))
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The Regression Line: lm function

fit <- lm(lnSymptoms ~ Stress, data = wagner)

summary(fit)

Call:

lm(formula = lnSymptoms ~ Stress, data = wagner)

Residuals:

Min 1Q Median 3Q Max

-0.42889 -0.13568 0.00478 0.09672 0.40726

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 4.300537 0.033088 129.974 < 2e-16 ***

Stress 0.008565 0.001342 6.382 4.83e-09 ***

---

Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Residual standard error: 0.1726 on 105 degrees of freedom

Multiple R-squared: 0.2795, Adjusted R-squared: 0.2726

F-statistic: 40.73 on 1 and 105 DF, p-value: 4.827e-09
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Interpretations of Regression. Intercept

• We have defined the intercept as that value of ̂𝑌 when 𝑋 equals zero.

As such, it has meaning in some situations and not in others, primarily

depending on whether or not 𝑋 = 0 has meaning and is near or

within the range of values of 𝑋 used to derive the estimate of the

intercept.

• Centering the data. In many situations, it is useful to “center” your

data at the mean by subtracting the mean of 𝑋 from every 𝑋 value.

If you do this, an 𝑋 value of 0 now represents the mean 𝑋 and the

intercept is now the value predicted for 𝑌 when 𝑋 is at its mean.
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Interpretations of Regression. Intercept. Centering the data

wagner$StressC <- wagner$Stress - mean(wagner$Stress)

fit <- lm(lnSymptoms ~ StressC, data = wagner)

summary(fit)

Call:

lm(formula = lnSymptoms ~ StressC, data = wagner)

Residuals:

Min 1Q Median 3Q Max

-0.42889 -0.13568 0.00478 0.09672 0.40726

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 4.482879 0.016686 268.663 < 2e-16 ***

StressC 0.008565 0.001342 6.382 4.83e-09 ***

---

Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Residual standard error: 0.1726 on 105 degrees of freedom

Multiple R-squared: 0.2795, Adjusted R-squared: 0.2726

F-statistic: 40.73 on 1 and 105 DF, p-value: 4.827e-09
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Interpretations of Regression. Slope

We have defined the slope (regression coefficient) as the change in ̂𝑌 for a

one-unit change in 𝑋. As such it is a measure of the predicted rate of

change in 𝑌 . By definition, then, the slope is often a meaningful measure.
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Standardized coefficients

Although we rarely work with standardized data (data that have been

transformed so as to have a mean of zero and a standard deviation of one

on each variable), it is worth considering what 𝑏 would represent if the data

for each variable were standardized separately.

In that case, a difference of one unit in 𝑋 or 𝑌 would represent a

difference of one standard deviation. Thus, if the slope was 0.75, for
standardized data, we could say that a one standard deviation increase in

𝑋 will be reflected in three-quarters of a standard deviation increase in ̂𝑌 .

When speaking of the slope for standardized data, we often refer to the

standardized regression coefficient as 𝛽 (beta) to differentiate it from the

coefficient for nonstandardized data (𝑏).
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Standardized coefficients

wagner$StressS <- wagner$StressC / sd(wagner$StressC)

wagner$lnSymptomsS <- (wagner$lnSymptoms - mean(wagner$lnSymptoms)) /

sd(wagner$lnSymptoms)

fit <- lm(lnSymptomsS ~ StressS, data = wagner)

summary(fit)

Call:

lm(formula = lnSymptomsS ~ StressS, data = wagner)

Residuals:

Min 1Q Median 3Q Max

-2.11929 -0.67043 0.02364 0.47792 2.01238

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -7.071e-16 8.245e-02 0.000 1

StressS 5.287e-01 8.284e-02 6.382 4.83e-09 ***

---

Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Residual standard error: 0.8529 on 105 degrees of freedom

Multiple R-squared: 0.2795, Adjusted R-squared: 0.2726

F-statistic: 40.73 on 1 and 105 DF, p-value: 4.827e-09
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Standardized coefficients

library(lm.beta)

fit <- lm(lnSymptoms ~ Stress, data = wagner)

summary(lm.beta(fit))

Call:

lm(formula = lnSymptoms ~ Stress, data = wagner)

Residuals:

Min 1Q Median 3Q Max

-0.42889 -0.13568 0.00478 0.09672 0.40726

Coefficients:

Estimate Standardized Std. Error t value Pr(>|t|)

(Intercept) 4.300537 NA 0.033088 129.974 < 2e-16 ***

Stress 0.008565 0.528656 0.001342 6.382 4.83e-09 ***

---

Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Residual standard error: 0.1726 on 105 degrees of freedom

Multiple R-squared: 0.2795, Adjusted R-squared: 0.2726

F-statistic: 40.73 on 1 and 105 DF, p-value: 4.827e-09
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Hypothesis testing in linear regression

It can be shown that 𝑏 is normally distributed about 𝑏∗ (population 𝑏) with
a standard error approximated by:

𝑠𝑏 = 𝑠𝑌 ⋅𝑋

𝑠𝑋
√

𝑁 − 1
Thus, if we wish to test the hypothesis that the true slope of the regression

line in the population is zero (𝐻0 : 𝑏∗ = 0) , we can simply form the ratio:

𝑡 = 𝑏 − 𝑏∗
𝑠𝑏

= 𝑏
𝑠𝑌 ⋅𝑋

𝑠𝑋
√

𝑁−1
= (𝑏)(𝑠𝑋)(

√
𝑁 − 1)

𝑠𝑌 ⋅𝑋

which is distributed as 𝑡 on 𝑁 − 2 𝑑𝑓
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Hypothesis testing in linear regression

predicted <- wagner$Stress * 0.008565 + 4.300537

ss_res <- sum((wagner$lnSymptoms - predicted)**2)

s_X_dot_Y <- sqrt(ss_res / (nrow(wagner) - 2))

s_b <- s_X_dot_Y / (sd(wagner$Stress) * sqrt(nrow(wagner) - 1))

t <- (0.008565 - 0) / s_b

t

## [1] 6.381966
pt(t, nrow(wagner) - 2, lower.tail = F) * 2

## [1] 4.824136e-09
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How to improve the quality of education? Guber (1999) study

This example that we will use originated in a paper by Guber (1999). There

has been an ongoing debate in the U.S. about what we can do to improve

the quality of primary and secondary education.

It is generally assumed that spending more money on education will lead

to better-prepared students, but that is just an assumption. Guber

addressed that question by collecting data for each of the 50 (U.S.) states.

She recorded the amount spent on education, the pupil/teacher ratio, the

average teacher’s salary, the percentage of students in that state taking the

SAT exams, and the combined SAT score.
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SAT and ACT: a short crash course

The SAT and the ACT are two separate standardized tests that are used for

university admissions. The SAT scores range from 200 to 800, while the ACT

scores range from 1 to 36. The SAT has been characterized as mainly a test

of ability, while the ACT has been characterized as more of a test of material

covered in school. Most importantly, the SAT tends to be used by

universities in the Northeast and the West and by the more prestigious

schools. Students living elsewhere are probably more likely to take the ACT

unless they are applying to schools on either coast, such as Harvard,

Princeton, Berkeley, or Stanford.
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Distribution of the variables (guber1999.csv)

Before we consider the regression solution itself, we need to look at the distribution of each

variable or interest:

guber <- read.csv("guber1999.csv")

head(guber, 2)

X id State Expend PTratio Salary PctSAT Verbal Math SATcombined PctACT

1 1 1 Alabama 4.405 17.2 31.144 8 491 538 1029 61

2 2 2 Alaska 8.963 17.6 47.951 47 445 489 934 32

ACTcombined LogPctSAT

1 20.2 2.079

2 21.0 3.850

• the amount spent on education (Expend),

• the pupil/teacher ratio (PTratio),

• average teacher’s salary (Salary),

• the percentage of students in that state taking the SAT exams (PctSAT and

LogPctSAT)

• the combined SAT score (SATcombined)

We can do that using histograms, Q-Q plots, and scatterplots.
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Relation between expenditure and educational outcome

The most obvious thing to do with these data is to ask about the

relationship between expenditure (Expend) and outcome (SATcombined,

we will ignore ACT for now).
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Relation between expenditure and educational outcome

cor.test(~ Expend + SATcombined, data = guber)

Pearson's product-moment correlation

data: Expend and SATcombined

t = -2.8509, df = 48, p-value = 0.006408

alternative hypothesis: true correlation is not equal to 0

95 percent confidence interval:

-0.5957789 -0.1142957

sample estimates:

cor

-0.380537
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Relation between expenditure and educational outcome

fit <- lm(SATcombined ~ Expend, data = guber); summary(fit)

Call:

lm(formula = SATcombined ~ Expend, data = guber)

Residuals:

Min 1Q Median 3Q Max

-145.074 -46.821 4.087 40.034 128.489

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 1089.294 44.390 24.539 < 2e-16 ***

Expend -20.892 7.328 -2.851 0.00641 **

---

Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Residual standard error: 69.91 on 48 degrees of freedom

Multiple R-squared: 0.1448, Adjusted R-squared: 0.127

F-statistic: 8.128 on 1 and 48 DF, p-value: 0.006408
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Relation between expenditure and educational outcome
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We have found a negative correlation between SAT and Expend. The relationship is

somewhat surprising because it would suggest that the more money we spend on educating

our children the worse they do. The regression line is clearly decreasing and the correlation

is −.381. Although that correlation is not terribly large, it is statistically significant

(𝑝 = .006) and cannot just be ignored. Those students who come from wealthier schools

tend to do worse. Why should this be?
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Adding predictors

The question that now arises is what would happen if we used both

variables (Expend and LogPctSAT) simultaneously as predictors of the

SAT score. What this really means, though it may not be immediately

obvious, is that we will look at the relationship between Expend and SAT

controlling for LogPctSAT.

25



Interpretation:

When we say that we are controlling for LogPctSAT, we mean that we are looking at the

relationship while holding LogPctSAT constant.

Imagine that we had many thousands of states instead of only 50 and we could pull out a

collection of states that had exactly the same percentage of students taking the SAT

(e.g. 60%) Then we could look at only the students from those states and compute the

correlation and regression coefficient for predicting SAT from Expend. Then we could draw

another sample of states, perhaps those with 40% of their students taking the exam, and do

the same. Notice that we have calculated two correlations and two regression coefficients

here, each with PctSAT held constant at a specific value (40% or 60%).

Obviously, we don’t have thousands of states. However, that does not stop us from

mathematically estimating what we would obtain if we could carry out the imaginary

exercise that we just explained. And that is exactly what multiple regression is all about.
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Multiple linear regression

fit <- lm(SATcombined ~ Expend + LogPctSAT, data = guber); summary(fit)

Call:

lm(formula = SATcombined ~ Expend + LogPctSAT, data = guber)

Residuals:

Min 1Q Median 3Q Max

-61.515 -13.616 -2.572 16.541 54.901

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 1147.100 16.701 68.684 < 2e-16 ***

Expend 11.129 3.264 3.409 0.00135 **

LogPctSAT -78.203 4.471 -17.490 < 2e-16 ***

---

Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Residual standard error: 25.78 on 47 degrees of freedom

Multiple R-squared: 0.8861, Adjusted R-squared: 0.8813

F-statistic: 182.8 on 2 and 47 DF, p-value: < 2.2e-16
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Three ways of thinking about multiple regression

There are at least three ways of thinking about multiple regression. Each of

them gives us a somewhat different view of what is going on. If one of them

makes more sense to you than the others, you can focus on that approach.

• We can treat a regression coefficient as the coefficient we would get if

we had a whole group of states that did not differ on any of the

predictors except the one under consideration. In other words, all

predictors but one are held constant, and we look at what varying that

one predictor does.
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Three ways of thinking about multiple regression

We can think of multiple regression as “adjusting” both of our variables for any variables we

want to control. You can think of it as “removing” the influence of the controlling variable

from the predictor and the outcome variable.

# Predicting SAT from LogPctSAT

modelsat <- lm(SATcombined ~ LogPctSAT, data = guber)

predictsat <- predict(modelsat)

# Residuals (= influence of LogPctSAT removed)

residsat <- guber$SATcombined - predictsat

# Predicting Expend from LogPctSAT

modelexpend <- lm(Expend ~ LogPctSAT, data = guber)

predictexpend <- predict(modelexpend)

# Residuals (= influence of LogPctSAT removed)

residexpend <- guber$Expend - predictexpend
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Three ways of thinking about multiple regression

model <- lm(residsat ~ residexpend)

summary(model)

Call:

lm(formula = residsat ~ residexpend)

Residuals:

Min 1Q Median 3Q Max

-61.515 -13.616 -2.572 16.541 54.901

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -2.526e-13 3.608e+00 0.000 1.00000

residexpend 1.113e+01 3.230e+00 3.445 0.00119 **

---

Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Residual standard error: 25.51 on 48 degrees of freedom

Multiple R-squared: 0.1983, Adjusted R-squared: 0.1816

F-statistic: 11.87 on 1 and 48 DF, p-value: 0.001194
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Three ways of thinking about multiple regression

• We can think of a regression coefficient in multiple regression as the

same thing we would have in simple regression if we adjusted our two

variables for any of the variables we want to control. In this example,

it meant adjusting both SAT and Expend for LogPctSAT (by

computing the difference between the obtained score for that variable

and the score predicted from the variable to be controlled). The

coefficient (slope) that we obtain is the same coefficient we find in the

multiple regression solution.
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Three ways of thinking about multiple regression

• We can think of the multiple correlation as the simple Pearson

correlation between the criterion (call it 𝑌 ) and another variable (call

it ̂𝑌 ) that is the best linear combination of the predictor variables.

combination <- guber$Expend * 11.129 +

guber$LogPctSAT * -78.203

cor(guber$SATcombined, combination) ** 2

[1] 0.8861068

summary(fit)$r.squared

[1] 0.8861068
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Importance and standardized regression coefficients

Standardized regression coefficients could be used to compare the “importance” of

individual predictors.

Call:

lm(formula = SATcombined ~ Expend + LogPctSAT, data = guber)

Residuals:

Min 1Q Median 3Q Max

-61.515 -13.616 -2.572 16.541 54.901

Coefficients:

Estimate Standardized Std. Error t value Pr(>|t|)

(Intercept) 1147.0997 NA 16.7012 68.684 < 2e-16 ***

Expend 11.1288 0.2027 3.2644 3.409 0.00135 **

LogPctSAT -78.2027 -1.0399 4.4712 -17.490 < 2e-16 ***

---

Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Residual standard error: 25.78 on 47 degrees of freedom

Multiple R-squared: 0.8861, Adjusted R-squared: 0.8813

F-statistic: 182.8 on 2 and 47 DF, p-value: < 2.2e-16

33



Multicollinearity, VIF and Tolerance

When predictor variables are correlated among themselves we have what is called

collinearity or multicollinearity. Collinearity has the effect of increasing the standard error of

a regression coefficient, which increases the width of the confidence interval and decreases

the t value for that coefficient. This is what is measured by the VIF (variance inflation factor).

Moreover, when two predictors are highly correlated one has little to add over and above

the other and only serves to increase the instability of the regression equation.

Tolerance is the reciprocal of the VIF and can be computed as 1 − 𝑅2
𝑗 , where 𝑅2

𝑗 is the

multiple correlation between variable 𝑗 and all other predictor variables.

So we want a low value of VIF and a high value of Tolerance.

𝑉 𝐼𝐹 > 4 may indicate instability of the regression equation and 𝑉 𝐼𝐹 > 10 (strong

multicollinearity) means that we need to remove at least one predictor from the model.

car::vif(fit)

Expend LogPctSAT

1.458884 1.458884
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Power and Sample Size

A rule of thumb that has been kicking around for years is that we should have at

least 10 observations for every predictor.

Harris (1985) points out, however, that he knows of no empirical evidence

supporting this rule. It certainly fails in the extreme, because no one would be

satisfied with 10 observations and 1 predictor. Harris advocates an alternative rule

dealing not with the ratio of 𝑝 to 𝑁 , but with their difference. His rule is that 𝑁
should exceed 𝑝 by at least 50. Others have suggested the slightly more liberal

𝑁 ≥ 𝑝 + 40.

Whereas these two rules relate directly to the reliability of a correlation coefficient,

Cohen, Cohen, West, and Aiken (2003) approach the problem from the direction of

statistical power analysis. They show that in the three-predictor case, to have

power .80 for a population 𝑅2 = .20 would require 𝑁 = 48. With 5 predictors,

a population 𝑅2 = .20 would require 58 subjects for the same degree of power.
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Power and sample size: example

How many observations do we need to have 80% probability of detecting true 𝑅2 that is

equal to 0.2 with three predictors?

We can answer this question using R and pwr library that contains pwr.f2.test function.

This function relies on the formula for a statistical test for 𝐻0 : 𝑅2 :

𝐹 = (𝑁 − 𝑝 − 1)𝑅2

𝑝(1 − 𝑅2)

and takes the following arguments:

• u - the number of degrees of freedom in the numerator (the number of predictors)

• v - the number of degrees of freedom in the denominator, so 𝑁 − 𝑝 − 1 (look at

the formula for 𝐹 )

• f2 - effect size computed using the formula:

𝑓2 = 𝑅2

1 − 𝑅2
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Comparing models

Often we have what are called nested models or hierarchical models in which the variables

in one model represent a subset of the variables in a second model.

In the case of nested models, it is relatively easy to test whether one is significantly better

than another. We can just compare their 𝑅2 values or the sums of squares for regression.

fit1 <- lm(SATcombined ~ Expend, data = guber)

fit2 <- lm(SATcombined ~ Expend + LogPctSAT, data = guber)

anova(fit1, fit2)

Analysis of Variance Table

Model 1: SATcombined ~ Expend

Model 2: SATcombined ~ Expend + LogPctSAT

Res.Df RSS Df Sum of Sq F Pr(>F)

1 48 234586

2 47 31242 1 203344 305.91 < 2.2e-16 ***

---

Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
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Takeaways

In practice, you should always connect the model back to:

• the data (start with a plot),

• the meaning of coefficients (intercept and slope, and what they are

conditioned on),

• the role of additional predictors (what is being controlled for),

• and the assumptions that make the interpretation sensible.
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